Kinetic Equations
Text of the Exercises
—15.04.2021 —
Teachers: Prof. Chiara Saffirio, Dr. Théophile Dolmaire
Assistant: Dr. Daniele Dimonte — daniele.dimonte@unibas.ch

Recall the Vlasov Equation

ouf +v-Vof + E-V,f =0,
E(t,z):=-V (ﬁ*ﬂt) (x),

(1)
Pt (LE) = SR3 f (tv €, U) dv?
f(0,2,v) = fo(x,v).
Exercise 1
Let f € C} (R* x R?). Prove that f satisfies
ess sup f (y + tv,w) € L* ((0,T) x R3; L} (Rg)) , (2)
yeBRr(z),
weBR(v)
ess sup |V f (y + tv,w)| € L* ((0,7) x R3; L' (R3) n L* (RY)) . (3)
yeBRr(),
weBR(v)

Exercise 2

Let f be a solution of the Vlasov equation (1) such that p € L ((0,T); L* (R*) n L (R?))
and with fy such that

ess sup fo (y + tv,w) € L” ((O,T) X Ri; Lt (Rg)) , (4)
yeBRr(z),
wEBR(v)

ess sup |V fo (y + tv,w)| € L% ((0,T) x R3; L' (R3) n L* (R3)). (5)
yEBBR(Z:))z
webLR(V

Prove that

Vof (t,z,v) € L* ((0,T) x R3; L? (R3)) (6)

Hint: Recall that we saw in class that under this hypotheses there exists a € (0, 1) such
that £ € L™ ((O,T) oS (R3)) and use the explicit formula for f given through the
characteristics of the problem.

Exercise 3

Let N be a positive integer number and consider ¢ a bounded, continuous and even
potential and {(z;, vj)}j.v:l < R3 xR3. Define {(z; (t) ,v; (t))};\[:1 as the family of solutions

1



of the Newton equations

drzj () = vj (1),

oy (1) = =% X0y Vo (2 (1) — 2 (1))
z; (0) = xj,

v; (0) = v;

Prove that i is a weak solution of (1).

(10)

!Notice that the notation 6 (x — zo) indicates the delta at the point o and justifies the notation

JAé(:p*mo)dm:{ 1, o€ 4, J]ngo(m)é(mf:co)dx:go(xg).

07 To ¢ A7

(8)



